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: ( [10], [11], [25]) . , $\mathrm{q}\mathrm{d}$
discrete-time semi-infinite Toda ,
$(k\Rightarrow k+1)\iota_{\mathrm{e}}\mathrm{r}$ $O(m^{2})$ Class $\mathrm{N}$ Chebyshev
. , discrete Schur flow Class $\mathrm{C}$ Perron
. ,
1 . symmetric
, semi-infinite Lotka-Volterra , semi-discrete modffied Kd
. , $\mathrm{q}\mathrm{d}$ , full-discrete modffied $\mathrm{K}\mathrm{d}\mathrm{V}$ , discrete-time




[17]( 5 ). .
(e.g., Karmarkar [12], [16])
(e.g., $QR$ [23], Jacobi [13])




$\epsilon-$ [17]( 6 ) . \S 2 ,
$\mathrm{q}\mathrm{d}$ (discrete-time semi-infinite Toda ) Class $\mathrm{N}$ Chebyshev
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1
. , Mukaihira-Nakamura [10]
1 Schur flow (semi-discrete complex modffied $\mathrm{K}\mathrm{d}\mathrm{V}$ )
, , ( ) discrete Schur flow . \S 3 discrete Schur
flow Class $\mathrm{C}$ Perron .
$(k\Rightarrow k+1)$ .
, $(n\Rightarrow n+1)$ , \S 2 , $\mathrm{q}\mathrm{d}$
, 3 , \S 3 , full-discrete modffied $\mathrm{K}\mathrm{d}\mathrm{V}$
[11] . , \S 4 [25] , discrete-time Lotka-Volterra
.
discrete-time Lotka-Volterra Lax .
2Chebyshev Toda
$w=f(z)$ Class $\mathrm{N}$ . , $f$ ${\rm Im} z>0$ ${\rm Im} w\geq 0$
. Nevanlinna , 5 $w_{j}=f(z_{j})$ Class
$\mathrm{N}$ . Nevanlinna [1]
$f(z)= \int_{-\infty}^{\infty}\frac{d\sigma(x)}{z-x}$ (1)
. $\sigma(x)$ . ,
$s_{k} \equiv\int_{-\infty}^{\infty}x^{k}d\sigma(x)$
, Class $\mathrm{N}$ $f$
$f(z)=s_{0}z^{-1}+s_{1}z^{-2}+s_{2}z^{-3}+\cdots$ (2)
. Hamburger . ,
$s_{k}= \int_{-\infty}^{\infty}x^{k}d\sigma(x)$ $\sigma(x)$ .
Class $\mathrm{N}$ Chebyshev










. , $m$ ($m$ ) $z^{-1}$
, $s_{2m-1}z^{-2m}$ , $s_{0}z^{-1}+s_{1}z^{-2}+s_{2}z^{-3}+\cdots$ &
. , Chebyshev $f(z)$ Pad\’e . , [6] . Chebyshev
Hankel
$q_{k}^{(0)}= \frac{\tau_{k-1}^{(0)}\tau_{k}^{(1)}}{\tau_{k-1}^{(1)}\tau_{k}^{(0)}}$ , $e_{k}^{(0)}= \frac{\tau_{k-1}^{(1)}\tau_{k+1}^{(0)}}{\tau_{k}^{(0)}\tau_{k}^{(1)}}$ , $k=1,2,$ $\ldots$ ,





, $n=0,1,$ $\ldots$ . (4)
. $s_{0},$ $\ldots,$ $s_{2m-1}$ .
$q_{1}^{(0)}= \frac{s_{1}}{s_{0}}$ ,
$e_{1}^{(0)}= \frac{|\begin{array}{ll}s_{0} s_{1}s_{1} s_{2}\end{array}|}{s_{0}s_{1}}$
, $q_{2}^{(0)}= \frac{s_{0}|\begin{array}{ll}s_{1} s_{2}s_{2} s_{3}\end{array}|}{s_{1}|\begin{array}{ll}s_{0} s_{1}s_{1} s_{2}\end{array}|},$ $\cdots$ .
, $q_{m}^{(0)},$ $e_{m-1}^{(0)}$ $m$ $\tau_{m}^{(0)},$ $\tau_{m}^{(1)}$ .
, $n=0,1,$ $\ldots$ $q_{k}^{(n)}$ ,
$e_{k}^{(n)}$
$e_{k+1}^{(n)}=e_{k}^{(n+1)}+q_{k+1}^{(n+1)}-q_{k+1}^{(n)}$ , $k=1,2,$ $\ldots$ ,
$q_{k+1}^{(n)}= \frac{q_{k}^{(n+1)}e_{k}^{(n+1)}}{e_{k}^{(n)}}$ , $n=0,1,$ $\ldots$ (5)
. ,
$e_{0}^{(n)}=0$ , $q_{1}^{(n)}= \frac{s_{n+1}}{s_{n}}$ , $n=0,$ $\ldots,$ $2m-2$ (6)
. $\mathrm{q}\mathrm{d}$ (quotient difference) [19] .
$e_{k}^{(n)},$ $q_{k+1}^{(n)},$ $n=1,2,3,$ $\ldots$ , $q_{k}^{(0)},$ $e_{k}^{(0)}$
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. 2 $k\Rightarrow k+1$
. so, $\ldots,$ $s_{2m-1}$ $O(m^{2})$ $e_{k}^{(0)},$ $q_{k+1}^{(0)},$ $k=1,$ $\ldots,$ $m-1$ ,
. $e_{k}^{(n)},$ $q_{k+1}^{(n)}$ Hankel
$q_{k}^{(n)}= \frac{\tau_{k-1^{\mathcal{T}}k}^{(n)(n+1)}}{\tau_{k-1k}^{(n+1)_{\mathcal{T}}(n)}}$ , $e_{k}^{(n)}= \frac{\tau_{k-1k+1}^{(n+1)_{T}(n)}}{\tau_{k}^{(n)}\tau_{k}^{(n+1)}}$








$q_{1}^{(0)}=-1$ , $q_{1}^{(1)}=-10$ , $q_{1}^{(2)}=- \frac{1}{10}$ , $q_{1}^{(3)}=-118$ , $q_{1}^{(4)}= \frac{67}{59}$
4










, Chebyshev , Chebyshev
.
$\frac{11}{1z+1}-\frac{(-9)\cdot(-1)1}{1z-11+9}-\frac{11\cdot 1/111}{|z-21/11-1/11}=\frac{z^{2}-4z+3}{z^{3}-3z^{2}-10z+21}$
6 $\tau_{4}^{(0)}=0,$ $e_{3}^{(0)}=0$ Chebyshev .
6 , . $\mathrm{q}\mathrm{d}$
Chebyshev Laplace [14] .
, $\mathrm{q}\mathrm{d}$ semi-infinite Toda $([8],[14])$
. $J_{k}(n)$ , $V_{k}(n)$
$J_{k}^{(n)} \equiv\frac{1-q_{k}^{(n)}}{\epsilon}$, $V_{k}^{(n)} \equiv\frac{e_{k}^{(n)}}{\epsilon^{2}}$ (7)
. , $\epsilon$ . $\mathrm{q}\mathrm{d}$
$\frac{J_{k}^{(n+1)}-J_{k}^{(n)}}{\epsilon}=V_{k-1}^{(n+}$ l)-Vk(n)
$\frac{V_{k}^{(n+1)}-V_{k}^{(n)}}{\epsilon}=V_{k}^{(n+1)}J_{k}^{(n+1)}-V_{k}^{(n)}J_{k+1}^{(n)}$
. $t=n\epsilon$ $\epsilonarrow 0$ $J_{k}^{(n)}=J_{k}(n\epsilon)arrow J_{k}(t),$ $V_{k}^{(n)}=V_{k}(n\epsilon)arrow V_{k}(t)$
, semi-infinite Toda
$\frac{dJ_{k}}{dt}=V_{k-1}-V_{k}$ , $\frac{dV_{k}}{dt}=V_{k}(J_{k}-J_{k+1})$ , $k=1,2,$ $\ldots$ (8)
. $\mathrm{q}\mathrm{d}$ discrete-time Toda . $\mathrm{q}\mathrm{d}$
( ) $k,$ $n$ Toda , . ,
5
$\mathrm{q}\mathrm{d}$ Chebyshev , Toda $k\Rightarrow k+1$
.
, semi-infinite Toda , $d\sigma(x)$ 1
$(x, t)=\exp(-xt)d\sigma(x, 0)$ ([9], [2]).
$\sigma(x)$ symmetric $d\sigma(x)=d\sigma(-x)$ , $s_{2j-1}=0$
. Hermite . symmetric ( ) 1
$d\sigma(x, t)=\exp(-x^{2}t)d\sigma(x, 0)$ , semi-infinite Lotka-Volterra










, $\mathrm{q}\mathrm{d}$ $n\Rightarrow n+1$ . $\mathrm{q}\mathrm{d}$ table[5]
$q_{1}^{(0)}$ $q_{2}^{(-1)}$ ... $q_{m}^{(1-m)}$
$e_{0}^{(1)}$ $e_{1}^{(0)}$ $e_{2}^{(-1)}$ ...
$n$
$q_{1}^{(1)}$ $q_{2}^{(0)}$ ... $q_{m}^{(2-m)}$
$\Downarrow$
$e_{0}^{(2)}$ $e_{1}^{(1)}$ $e^{(0)}$
$n+1$ $q_{1}^{(2)}$ $q_{2}^{(1)}$ . .. $q_{m}^{(3-m)}$
$e_{0}^{(3)}$ $e_{1}^{(2)}$ $e_{2}^{(1)}$
$q_{1}^{(3)}$ $q_{2}^{(2)}$ ... $q_{m}^{(4-m)}$
.$\cdot$. .$\cdot$. .$\cdot$.
.$\cdot$. .$\cdot$. .$\cdot$.
. $n\Rightarrow n+1$ . ,
$b_{k}$
$q_{1}^{(0)}=- \frac{b_{1}}{b_{0}}$ , $q_{2}^{(-1)}=0$ , ... $q_{m-1}^{(2-m)}=0$ , $q_{m}^{(n-m)}=0$ ,
$e_{0}^{(n)}=0$ , $e_{1}^{(0)}= \frac{b_{2}}{b_{1}}$ , $e_{2}^{(-1)}= \frac{b_{3}}{b_{2}}$ , ... $e_{m-1}^{(2-m)}= \frac{b_{m}}{b_{m-1}}$ , $n=1,2,$ $\ldots$ (9)
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, $q_{k}^{(n)}$ $e_{k}^{(n)}$ $narrow\infty$ generic , , $\lambda_{k}$ 0






$\mathrm{q}\mathrm{d}$ $n\Rightarrow n+1$ , 3 ,
. $A^{(0)}$
$A^{(0)}\equiv\{$
$q_{1}^{(0)}$ $q_{1}^{(0)}e_{1}^{(0)}$ 0 $\backslash$
1 $q_{2}^{(0)}+e_{1}^{(0)}$ $q_{2}^{(0)}e_{2}^{(0)}$
1 ... ...... ... $q_{m-1}^{(0)}e_{m-1}^{(0)}$
0 1 $q_{m}^{(0)}+e_{m-1}^{(0)}/$
(10)
3 . , Householder 3 ,
. , ,
.
, $A^{(0)}$ $LR$ .
$A^{(0)}=L^{(0)}R^{(0)}$ ,
$L^{(0)}\equiv(\begin{array}{llll}q_{1}^{(0)} 01 q^{(0)} 1 q_{m}^{(0)}\end{array})$ , $R^{(0)}\equiv(\begin{array}{llll}1 e_{1}^{(0)} 1 \ddots \ddots e_{m-1}^{(0)}0 1\end{array})$
$\mathrm{q}\mathrm{d}$ $n=0\Rightarrow n=1$
$A^{(0)}\Rightarrow A^{(1)}$











3 . $A^{(1)}$ $LR$ .
, $\mathrm{q}\mathrm{d}$ $n\Rightarrow n+1$ similarity
$A^{(n)}\Rightarrow A^{(n+1)}=R^{(n)}A^{(n)}(R^{(n)})^{-1}$ , $n=0,1,$ $\ldots$ (11)
. $A^{(n)}$ $A^{(0)}$ .
$q_{k}^{(n)},$ $e_{k}^{(n)}$ $narrow\infty$
$\mathrm{l}\mathrm{i}\mathrm{m}A^{(n)}=(\begin{array}{llll}\lambda_{1} 01 \lambda_{2} \ddots \ddots 0 \mathrm{l} \lambda_{m}\end{array})$
n\rightarrow
, , \lambda \sim $A^{(0)}$ . $LR$
$LR$ [5] . $LR$ $QR$
.
3Perron Schur Flows
$|z|<1$ ${\rm Im} w\geq 0$ $w=f(z)$ Class $\mathrm{C}$ .
$zj,$ $wj$ $wj=f(zj)$ Class $\mathrm{C}$ $w=f(z)$ Carathidory
. Herglotz [1]
$f(z)= \frac{1}{2\pi}\int_{-\pi}^{\pi}\frac{e^{\dot{l}\theta}+z}{e^{\dot{l}\theta}-z}d\sigma(\theta)$ (12)






. $s_{k}^{0}$ $\sigma(\theta)$ 3
. , Class $\mathrm{S}$ . Class $\mathrm{S}$
Class $\mathrm{C}$ [1]. Class $\mathrm{C}$
.










1 $-z+\overline{\overline{\overline{\alpha_{2}^{0}}}\alpha_{3}^{0}}$ . . .
. , $\alpha_{k}^{0}$ Schur , ToepIitz $\mathrm{F}^{1}\mathrm{J}$
$\alpha^{0}\equiv\frac{\tau_{k}\triangleleft)}{\tau_{k}^{0}}$ ,








, $n=0,1,$ $\ldots$ ,




. .$\cdot$. $\cdot$ $\cdot$ . .$\cdot$.
$s_{2-k}^{n}$ $s_{3-k}^{n}$ $s_{1}^{n}$
, $k=1,2,$ $\ldots$ (15)
. $n=1,2,$ $\ldots$ Perron
.
Mukaihira-Nakamura [10] discrete-time complex modffied $\mathrm{K}\mathrm{d}\mathrm{V}$ (discrete Schur flow)
Perron Schur .
$s3,$
$\ldots$ , so . Perron discrete Schur flow
$\alpha_{k}^{n+1}-\alpha_{k}^{n}=\frac{\gamma_{k}^{n+1}}{\gamma_{k}^{n}}(1-|\alpha_{k}^{n}|^{2})(\alpha_{k-1}^{n+1}-\alpha_{k+1}^{n})$ ,
$\frac{\gamma_{k}^{n}}{\gamma_{k+1}^{n}}=1-|\alpha_{k}^{n}|^{2}$ ,
$s_{j}^{n+1}=s_{j-1}^{n}+s_{j+1}^{n}$ , $s_{j}^{0}=\overline{s_{-j}^{0}}$ (16)
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$\alpha_{0}^{n}=1$ , $\alpha_{1}^{n}=\frac{s_{1}^{n}}{s_{0}^{n}}$ , $\gamma_{1}^{n}=\frac{1}{s_{0}^{n}}$ , $n=0,1,$ $\ldots,$ $m-1$ (17)
. $\gamma_{k}^{n}$ Schur $\alpha_{k}^{n}$
. “discrete Schur flow table” 2
$k\Rightarrow k+1$ .
$k=0$ $k=1$ $k=2$ $k=3$ $\cdots$ $k=m$
$n=0$ $\alpha_{1}^{0}$ $\alpha_{2}^{0}$ $\alpha_{3}^{0}$ .. . $\alpha_{m}^{0}$
$\gamma_{1}^{0}$ $\gamma_{2}^{0}$ $\gamma_{3}^{0}$ ... $\gamma_{m}^{0}$
$n=1$ $\alpha_{0}^{1}$ $\alpha_{1}^{1}$ $\alpha_{2}^{1}$ .. . $\alpha_{m-1}^{1}$









$\alpha_{k}^{0}$ $s_{0}^{0}+2s_{-1}^{0}z+\cdots+2s_{-m}^{0}z^{m}$ Perron . Chebyshev
$\mathrm{q}\mathrm{d}$ , $O(m^{2})$ $\alpha_{k}^{0},$ $\gamma_{k}^{0},$ $k=1,$ $\ldots,$ $m$ ,
.
. $m=4,$ $i\equiv\sqrt{-1}$ . 4
$f(z)$ $=$ $\frac{12+(3+9i)z+10iz^{2}+(-3+9i)z^{3}-12z^{4}}{12+(15-3i)z+16z^{2}+(15+3i)z^{3}+12z^{4}}$
$=$ $1+(-1+i)z+ \frac{-1-2i}{3}z^{2}+\frac{5-i}{12}z^{3}+\frac{-40+7i}{72}z^{4}+\cdots$
5 discrete Schur flow
$\alpha_{1}=-\frac{1+i}{2}$ , $\alpha_{1}^{1}=-\frac{5+2i}{6}$ , $\alpha_{1}^{2}=-\frac{31+11i}{40}$ ,
$\alpha_{1}^{3}=-\frac{296+89i}{372}$ , $\gamma_{1}^{0}=1$ , $\gamma_{1}^{1}=-1$ , $\gamma_{1}^{2}=\frac{3}{5}$ $\gamma_{1}^{3}=-\frac{12}{31}$















screte Schur flow, Schur flow modffied $\mathrm{K}\mathrm{d}\mathrm{V}$ (mKdV)
. , Schur $\alpha_{k}^{n}=\hat{\tau}_{k}^{n}/\tau_{k}^{n}$ .
$t=n\epsilon$ $\epsilonarrow 0$
$\frac{\gamma_{k}^{n+1}}{\gamma_{k}^{n}}=\frac{\gamma_{k}(n\epsilon+\epsilon)}{\gamma_{k}(n\epsilon)}arrow 1$ , $\alpha_{k}^{n}=\alpha_{k}(n\epsilon)arrow\alpha_{k}(t)$
, Schur flow
$\frac{d\alpha_{k}}{dt}=(1-|\alpha_{k}|^{2})(\alpha_{k-1}-\alpha_{k+1})$ , $k=0,1,$ $\ldots$ (18)
. Schur flow [10] (Szeg\"o ) 1
$d\sigma(\theta, t)=\exp\{(e^{i\theta}+e^{-i\theta})t\}d\sigma(\theta, 0)$ . discrete Schur flow
Schur flow ( ) [10]. symmetric ,
$d\sigma(\theta)=d\sigma(-\theta)$ , Schur $s_{j}^{0}=s_{-j}^{0},$ $\alpha_{k}=\overline{\alpha_{k}}$ .
, Schur flow Ablowitz-Ladik semi-discrete mKdV
$\frac{d\alpha_{k}}{dt}=(1-\alpha_{k^{2}})(\alpha_{k-1}-\alpha_{k+1})$ , $k=0,1,$ $\ldots$
( . 1 $d\sigma(\theta, tj)=\exp\{(e^{i\theta}+e^{-i\theta})^{j}tj\}d\sigma(\theta, 0)$ Schur flow
hierarchy, $j=1,2,$ $\ldots$ , general symmetric
. , symmetric $t_{2}$-flow unitary matrix model
. , discrete Schur flow ( ) $k$ , $n$ semi-discrete mKdV
, . , discrete Schur flow Perron
$k\Rightarrow k+1$ .
, [11] discrete Schur flow . ,
full-discrete mKdV
$\alpha_{k}^{n+1}-\alpha_{k}^{n}=\frac{\gamma_{\pm k}^{n+1}}{\gamma_{\pm k}^{n}}(1-\alpha_{k}^{n}\alpha_{-k}^{n})(\alpha_{k\mp 1}^{n+1}-\alpha_{k\pm 1}^{n})$ , $k=\pm 1,$ $\pm 2,$ $\ldots$ ,
11
$\frac{\gamma_{k}^{n}}{\gamma_{k+1}^{n}}=1-\alpha_{k}^{n}\alpha_{-k}^{n}$ , $k=1,2,$ $\ldots$ (19)
. symmetric $sj=s_{-}j$ .
$\alpha_{k}^{n}=\frac{\hat{\tau}_{k}^{n}}{\tau_{k}^{n}}$ , $k=0,$ $\pm 1,$ $\pm 2,$ $\ldots$ , $\gamma_{k}^{n}=\frac{\tau_{k-1}^{n}}{\tau_{k}^{n}}$ , $k=1,2,$ $\ldots$ ,
$\tau_{0}^{n}=1$ , $\tau_{k}^{n}=|s_{\pm:j}\mp|_{1\leq i,j\leq\pm k}=|\begin{array}{llll}s_{0}^{n} s_{\mp 1}^{n} \cdots s_{\pm 1-k}^{n}s_{\pm 1}^{n} s_{0}^{n} \cdots s_{\pm 2-k}^{\mathrm{n}}\vdots \vdots \vdots s_{k\mp 1}^{n} s_{k\mp 2}^{n} \cdots s_{0}^{n}\end{array}|$ ,
$\hat{\tau}_{0}^{n}=1$ , $\hat{\tau}_{k}^{\mathrm{n}}=|_{S\pm\mp j\pm 1}|.|_{1\leq:,j\leq\pm k}=$
$s_{\pm 1}^{n}$ $s_{0}^{n}$ ... $s_{\pm 2-k}^{n}$
$s_{\pm 2}^{n}$ $s_{\pm 1}^{n}$ . .. $s_{\pm 3-k}^{n}$
(20). . ... .$\cdot$.
$s_{k}^{n}$ $s_{k\mp 1}^{n}$ ... $s_{\pm 1}^{n}$
. , “progressive discrete Schur flow table”
$n=0$ $\alpha_{-m}^{0}$ $\alpha_{1-m}^{0}$ ... $\alpha_{-1}^{0}$ $\alpha_{0}^{0}$ $\alpha_{1}^{0}$ ... $\alpha_{m-1}^{0}$ $\alpha_{m}^{0}$
$n=1$ $\alpha_{-m}^{1}$ $\alpha_{1-m}^{1}$ ... $\alpha_{-1}^{1}$ $\alpha_{0}^{1}$ $\alpha_{1}^{1}$ ... $\alpha_{m-1}^{1}$ $\alpha_{m}^{1}$
$n=2$ $\alpha_{-m}^{2}$ $\alpha_{1-m}^{2}$ ... $\alpha_{-1}^{2}$ $\alpha_{0}^{2}$ $\alpha_{1}^{2}$ ... $\alpha_{m-1}^{2}$ $\alpha_{m}^{2}$
$n=3$ $\alpha_{-m}^{3}$ $\alpha_{1-m}^{3}$ ... $\alpha_{-1}^{3}$ $\alpha_{0}^{3}$ $\alpha_{1}^{3}$ ... $\alpha_{m-1}^{3}$ $\alpha_{m}^{3}$
$n=4$ $\alpha_{m}^{\underline{4}}$ $\alpha_{1-m}^{4}$ ... $\alpha_{-1}^{4}$ $\alpha_{0}^{4}$ $\alpha_{1}^{4}$ ... $\alpha_{m-1}^{4}$ $\alpha_{m}^{4}$
.$\cdot$. .$\cdot$. .$\cdot$. ... .$\cdot$. .$\cdot$. .$\cdot$. .$\cdot$.
.
$\alpha_{j}^{0}=(-1)^{j}\frac{c_{j}}{c_{0}}$ , $j=1,2,$ $\ldots,m$ ,
$\alpha_{-m}^{0}=(-1)^{m}\frac{c_{0}}{c_{m}}$ , $\alpha_{j}^{0}=0$ , $j=-1,$ $-2,$ $\ldots,$ $1-m$,
$\alpha_{\pm m}^{n+1}=\alpha_{\pm m}^{n}$ , $n=0,1,$ $\ldots$ (21)
, Hankel $narrow\infty$ , Schur
$\lim\frac{\alpha_{k}^{n}}{n}=z_{k}$ , $k=1,2,$ $\ldots,m$ (22)
$narrow\infty\alpha_{k-1}$
z\sim , , $zk$
$q(z)=c_{0}z^{m}+c_{1}z^{m-1}+\cdots$ $-1^{Z+}$
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[11]. , discrete Schur flow
. progressive discrete Schur flow Henrici
progressive $\mathrm{q}\mathrm{d}$ [5] .
4Lotka-Volterra
\S 2 , symmetric 1 semi-
infinite Lotka-Volterra . , TsujimotO-Nalcamura-Iwasaki [25]
finite Lotka-Volterra
$\frac{du_{k}(t)}{dt}=uk(t)(u_{k+1}(t)-uk-1(t))$ , $k=1,$ $\ldots,$ $2m-1$ ,
$u\mathrm{o}(t)=0$ , $u_{2m}(t)=0$ , $t\geq 0$
. , , discrete-time Loth-Volterra
$u_{2k-1}^{(n+1)}(1+u_{2k-2}^{(n+1)})$ $=$ $u_{2k-1}^{(n)}(1+u_{2k}^{(n)})$ , $u_{0}^{(n)}=0$ , $k=1,$ $\ldots,$ $m$ ,
$u_{2k}^{(n+1)}(1+u_{2k-1}^{(n+1)})$ $=$ $u_{2k}^{(n)}(1+u_{2k+1}^{(n)})$ , $u_{2m}^{(n)}=0$ , $n=0,1,$ $\ldots$ (23)
[7]. ( ) . , $\{a_{j}^{n}\}$
$a_{j}^{n+1}=a_{j+1}^{n}+a_{j}^{n}$ , $j,n=0,1,$ $\ldots$ (24)
. Hankel
$H_{k,j}^{(n)}\equiv|\begin{array}{lll}a_{j}^{n} a_{j+1}^{n} a_{j+k-1}^{n}a_{j+1}^{n} a_{j+2}^{n} a_{j+k}^{n}\vdots \vdots \vdots a_{j+k-1}^{n} a_{j+k}^{n} a_{j+2k-2}^{n}\end{array}|$, $k=1,2,$ $\ldots,$ $m$ ,
$H_{-1,j}^{(n)}\equiv 0$ , $H_{0,j}^{(n)}\equiv 1$ , $H_{m+1,j}^{(n)}\equiv 0$ , $j,$ $n=0,1,2,$ $\ldots$ (25)
, ,







$u_{2k-1}^{(n)},$ $u_{2k}^{(n)}$ discrete-time Lotka-Volterra .
, Hankel $H_{k,j}^{(n)}$ n’ , discrete-time finite Lotka-
Volterra $u_{2k-1}^{(n)}$ ( ) .
,
$w_{2k-1}^{(n)} \equiv\frac{H_{k,1}^{(n)}H_{k-1,0}^{(n)}}{H_{k,0}^{(n)}H_{k-1,1}^{(n)}}$ , $w_{2k}^{(n)} \equiv\frac{H_{k+1,0}^{(n)}H_{k-1,1}^{(n)}}{H_{k,1}^{(n)}H_{k,0}^{(n)}}$.
. $w_{2k-1}^{(n)},$ $w_{2k}^{(n)}$ $u_{2k-1}^{(n)},$ $u_{2k}^{(n)}$
$w_{1}^{(n)}$ $=$ $u_{1}^{(n)}$ , $w_{2k+1}^{(n)}=u_{2k+1}^{(n)}(1+u_{2k}^{(n)})$ ,
$w_{2k}^{(n)}$ $=$ $u_{2k}^{(n)}(1+u_{2k-1}^{(n)})$ , $k=1,2,$ $\ldots,m-1$
. Hankel (cf. [5])
, [25]









. $zk$ discrete-time finite Toda
$q_{k}$ $e_{k}$ $=$ $q_{k+1}e_{k}$ ,$(n+1)(n+1)$ .
$(n)$ $(n)$
$k=1,2,$ $\ldots,m-1$ ,
$q_{k}^{(n+1)}+e_{k-1}^{(n+1)}$ $=$ $q_{k}^{(n)}+e_{k}^{(n)}$ , $k=1,2,$ $\ldots,$ $m$ ,
$e_{0}^{(n)}$ $=$ 0, $e_{m}^{(n)}=0$ , $n=0,1,$ $\ldots$
discrete Lax . \S 2 $\mathrm{q}\mathrm{d}$ similarity
$L^{(n+1)}R^{(n+1)}=R^{(n)}L^{(n)}$ ,
$L^{(n)}=(\begin{array}{llll}q_{1}^{(n)} 01 q_{\mathit{2}}^{(n\text{ } } 1 q_{m}^{(n)}\end{array})$ , $R^{(n)}=(\begin{array}{llll}\mathrm{l} e_{1}^{(n)} 1 \ddots \ddots e_{m-1}^{(n)}0 1\end{array})$
.
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screte Lax [8]. , discrete-time finite Toda discrete-time finite
Lotka-Volterra (Miura (or, Ricklund) [7])
$e_{k}^{(n)}$ $=$ $u_{2k-1}^{(n)}u_{2k}^{(n)}$ , $k=1,2,$ $\ldots,$ $m-1$ ,
$q_{k}^{(n)}$ $=$ $(1+u_{2k-2}^{(n)})(1+u_{2k-1}^{(n)})$ , $k=1,2,$ $\ldots,$ $m$ . (28)
Lotka-Volterra discrete Lax .
, 3 $\mathrm{Y}^{(n)}$
$\mathrm{Y}^{(n)}\equiv L^{(n)}R^{(n)}-I$ (29)






$y_{k,k}^{(n)}\equiv w_{2k-2}^{(n)}+w_{2k-1}^{(n)}$ , $y_{k,k+1}^{(n)}\equiv\sqrt{w_{2k-1}^{(n)}w_{2k}^{(n)}}$
. $w_{2k-1}^{(n)}w_{2k}^{(n)}>0$ . Toda discrete Lax
$\mathrm{Y}^{(n+1)}R^{(n)}=R^{(n)}\mathrm{Y}^{(n)}$
, $w_{2k-1}^{(n)},$ $w_{2k}^{(n)},$ $V_{k}^{(n)}$ $\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{e}-\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{e}$ finite Lotka-Volterra
$u_{2k-1}^{(n)},$ $u_{2k}^{(n)}$ , $\mathrm{Y}^{(n+1)}R^{(n)}=R^{(n)}\mathrm{Y}^{(n)}$ Lotka-Volterra
screte Lax . , $\mathrm{Y}^{(n)}$
$\mathrm{Y}_{S}^{(n)}\equiv(G^{(n)})^{-1}\mathrm{Y}^{(n)}G^{(n)}$ ,
$G^{(n)}\equiv \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(g_{1,1}^{(n)},$ $\cdots,g_{m-1,m-1}^{(n)},1)$ , $g_{k,k}^{(n)} \equiv\prod_{j=k}^{m-1}\sqrt{w_{2j-1}^{(n)}w_{2j}^{(n)}}$
, discrete Lax
$\mathrm{Y}_{S}^{(n+1)}=(G^{(n+1)})^{-1}R^{(n)}G^{(n)}\mathrm{Y}_{S}^{(n)}((G^{(n+1)})^{-1}R^{(n)}G^{(n)})^{-1}$




















, $m_{1}\mathrm{x}m_{2}$ $A$ , , $m_{1}\leq m_{2}$ ,
$U,$ $V$ , $UAV=(BO)$ . , $B$ $m_{1}\cross m_{1}$
2 , $O$ $m_{1}\cross(m_{2}-m_{1})$ (cf. [4]). $m_{2}\mathrm{x}m_{1}$ .
, discrete-time finite Lotka-Volterra
. , Lotka-Volterra $10\cross 10$ . 49
$10^{-6}$ , 1 38 .
5Toda Schur
$\mathrm{q}\mathrm{d}$ Rutishauser [19] 1954 . 2 $k$ $n$
2 . ,
$n\Rightarrow n+1$ , [19] ,
progressive $\mathrm{q}\mathrm{d}$ [20] . , Rutishauser [22] $\mathrm{q}\mathrm{d}$
($LR$ ) . , $k\Rightarrow k+1$ , Class
$\mathrm{N}$ Chebyshev [19] . Henrici [5], [6] Rutishauser
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: screte-time Lotka-Volterra
$B^{(0)}=\{\begin{array}{llllllllll}100 99 98 97 96 95 94 93 92 91 90 89 88 87 86 85 84 830 82\end{array}\}$
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